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Morita Contexts and their Lattices of Relations

Jan Paseka!

We study the interaction between the lattices of relations of members of a general
Morita context. The pairs of reversing-order maps are defined, which determine the
dualities between the lattices of ‘closed’ relations. Under rather weak conditions, these
dualities can be composed obtaining the projectivities defined by simple maps.

KEY WORDS: lattices of relations; general Morita context; duality; projectivity.
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1. INTRODUCTION AND PRELIMINARIES

The notion of Morita equivalence is fundamental in both Algebra and Analy-
sis. The machinery of Morita equivalence is in terms of projective modules, tensor
products, and Hom functors. Bass (1962) developed the notion of a Morita context,
which facilitates the application of the theory.

Morita equivalence was adapted to C*-algebras by Rieffel in the 1970s
(Rieffel, 1974) and has since become a standard tool for analyzing group C*-
algebras and crossed products. Our treatment of lattices of ‘closed’ relations
of a general Morita context reflects our emphasis on Morita equivalence. We
originally intended to phrase all our results and calculation in terms of Morita
equivalence for quantales as in Paseka (2002). However, as we progressed, we
found that it is more convenient to compute in the setting of semigroups that gen-
eralizes the viewpoints of the ring theory, the C*-algebra theory and the theory of
quantales.

In this paper, we present an interaction between the lattices of rela-
tions of members of a general Morita context. The presented results were in-
spired by a similar situation for Morita contexts between rings (see Kashu,
1998).

The paper is organized as follows: Section 1 provides a brief introduction
to the notion of general Morita context and defines the investigated dualities and

lDepartment of Mathematics, Masaryk University, Janickovo nam. 2a, Czech Republic; e-mail:
paseka@math.muni.cz.

2249
0020-7748/05/1200-2249/0 © 2005 Springer Science+Business Media, Inc.



2250 Paseka

projectivities. Section 2 is devoted to show how the dualities and projectivities are
related. Section 3 shortly translates the results of Section 2 into the setting of the
lattice of all subacts (submodules as in Kashu (1998)).

For a general overview of the Morita equivalence theory over semigroups we
refer, for example to Talwar (1996), for facts concerning quantales and quantale
modules, in general we refer to Rosenthal (1990).

Let R and S be semigroups, P an R, S-biact, Q an S, R-biact such that there
are biact maps (—, —): P x Q — Rand [—, —]: Q x P —> § such that (x -
s,y)=(x,5-y),[y-r,x] = [y, r-x] (that is, these maps are balanced), (x;, y) -
x2 = x1 - [y, x2], [y1, x] - y2 = y1 - (x, y2) for each x, x;, x2 € P, y, y1, 2 € O,
seS, rekR.

The 6-tuple (R, S, P, Q, (—, —), [—, —]) is called a general Morita context
and the pair (P, Q) a general Morita pair.

A general Morita context (R, S, P, O, (—, —), [—, —]) is said to be a gen-
eral quantale Morita context if R, S are quantales, P is an R, S-bimodule, Q
is an S, R-bimodule and (—, —) and [—, —] preserve arbitrary joins in each
variable.

Let h: Ax B— C be an arbitrary map, A, B, C sets. There exists a
unique map /2 : P(A x A) x P(B x B) — P(C x C) which is sup-preserving in
each variable and which satisfies Z({(ay, a2)}, {(b1, b2)}) = {(h(ay, by), h(az, b2)})
for all aj,a, € A and all by, b, € B. This map is called the relational
extension of h.

Moreover, since the actions &(—,Y):P(A x A) > P(C x C) and
h(X,—):P(B x B) — P(C x C) are sup-preserving for all X € A x A and all

Y € B x B, they have adjoints denoted Y—h>1— and X —h>,—, respectively. Note
that, forall Z C C x C, (X, Y) C Ziff X C Y5, Ziff ¥ € X5, Z.

Proposition 1. Let (R, S, P, Q,(—, —),[—, —]) be a general Morita context.
Then, (P(R x R), P(S x S), P(P x P), P(Q x Q),(—,—),[—, =] is a gen-
eral quantale Morita context, here P(R x R), P(S x S) are quantales with
respect to the induced operations g, -5 and arbitrary unions, P(P x P)
is an P(R x R), P(S x S)-bimodule with respect to the induced left and
right actions and arbitrary unions, P(Q x Q) is an P(S x §), P(R x R)-
bimodule with respect to the induced left and right actions and arbitrary
UNIONS.

Proof: It is evident since R x R and S x § are semigroups, P x P an R X
R, S x S-biact, 0 x Q an S x §, R x R-biact, P(R x R) is a free quantale over
R x R, P(S x S) is a free quantale over § x S, P(P x P) is a free P(R x
R), P(S x S) quantale bimodule over P x P and P(Q x Q) is a free P(S x
S), P(R x R) quantale bimodule over Q x Q. a
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For an arbitrary general Morita context (R, S, P, Q, (—, —), [—, —]) we con-
sider the following pairs of maps between the lattices of relations:

ap(0) = idp—>,0, Br(¥) = ido =5 v,
ag(t) = idg—% 1, Bo(W) = idg =5y,
yp(o) = lidg, o], Sp(W) =idpp ¥,

yo(r) = (T, idp), So() = Ygid,

rs(¥) = y—>,ids, Is() = ¥ ids,
rp(o) =o' =5 ids, Ip(t) = 125ids,
Gp(o)=0—>,idp, Hp(y) = Y —>idp,
Go(r) = t—2jidy, Ho()= ¢—%,idg;

here ¢ € P(S x S),0 € P(P x P),t € P(Q x Q);

PP xP) L PQ % Q) P(P x P)
dp| |p fo /
Gp
P x 8) 2 P(S 2 P(S % )
Ho 7Q /
P(Q x Q).

Lemma?2. The pairsof maps(rs, ls), (rp,lp),(Gp, Hp),(G o, Hp) form Galois
connections.

Proof: Let ¢, Y[, ¥, € P(S x S), 0 € P(P x P), T € P(Q x Q). We have
Yo € rs(Yn) iff Yo © Y —>,ids iff Y75y C idy iff ¥y © Yo—>idy iff ¢y ©
Is(y2). Similarly, T € rp(0) iff T C o=, id; iff (0, 7) € ids iff 0 © 7 —>)ids
iff o Clp(t). Moreover, 0 € Hp(y) iff o C 1//'—P>1idp iff o°py Cidp iff
W C o5 idp iff Y C G p(o). 0

Note that the Lemma 2 implies that we have ¢ C rs(Is(¥)), ¥ C
Is(rs(¥)), T Srp(p(7)), 0 Clp(rp(o)), o € Hp(Gp(0)), ¥ S Gp(Hp(¥)),
T C Hp(Gp(7)) and ¥ € Go(Hp(y)) for all ¥y € P(S x §), 0 € P(P x P),
T € P(O x Q).
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Forany map f : A — B, weshall denote Im f theset{y : y = f(x),x € A}.
Then Im(rs) ={y¥ € P(S x 8):v¢¥ =rs(s(¥))}, Ims)={y € P(S xS):
Y =Ilsrs(¥)}, Im@rp) ={r € P(Q x Q) : T =rp(lp(1))}, Imlp)={o €
P(P x P):o =Ip(rp(0))}, Im(Hp)={o € P(P x P):0 = Hp(Gp(0))},
Im(Gp) ={y € P(Sx ) : ¢ =Gp(Hp(¥))}, Im(Hg)={r €P(Qx Q):
0 =Hp(Gyp(r))} and Im(Go)={¥ e P(SxS): ¥ =Go(Hp(¥))} are
closure systems and we obtain the following dualities between them:

P(S x 8) 2 Im(ls) %Im("s) CP(SxS) (D1),
ls

PP x P)2 Im(lp) Im(rp) CP@xQ) (D2,
PP x P)D Im(Hp) Im(Gp) CPS xS (D3,
HP
PO x Q)2 Im(HQ) Im(GQ) C Pl xS8) (D).
Ho
Recall that the right S-act P is faithful for S (left R-act P is faithful for R) whenever

p-si=p-s;forall p e Pimpliess; = s, (r; - p =rp - p forall p € P implies
r1 = ry). The preceding condition is clearly equivalent to the condition

(A)idppy Cidp = ¢ Cids [ (A) upidp Cidp = u Cidg ]

for all ¢ € P(S x S) (u € P(R x R)). In particular, the left S-act Q is faith-
ful for S (right R-act Q is faithful for R) whenever the following condition is
satisfied:

(C) ¥gidg Cidg = ¢ Cids [ (C)idggu Cidg => u C idg |
for all € P(S x S) (u € P(R x R)).
Similarly, the S, R-biact Q is right faithful (left faithful) for the R, S-biact

P whenever (g, p1] = [q. p2] (p1. ¢) = (p2. ¢)) for all ¢ € Q implies p; = p».
This condition is equivalent to the condition

B) [idg, 0] Cids=>0 Cidp [(B) (0,idp) C ids =5 o < idp ]

forallo € P(P x P).Inparticular, the R, S-biact P is left faithful (right faithful)
for the S, R-biact Q whenever the following condition is satisfied:

(D) [r,idp] Cidg =71 Cidp [(D') (idp,7) Cids = 7 Cidg ]
forall T € P(Q x Q).

A general Morita context is said to be nondegenerate if the conditions (A),
(B), (A), (B"), (C), (D), (C') and (D’) are satisfied.
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2. THE COMPOSITION OF DUALITIES ON LATTICES OF RELATIONS

To compose the dualities (D1) and (D3), we need the equality Im(rg) =
Im(G p). This can be obtained in the case when the maps rs and G p are expressed
by one another. Thus, we have the following lemma.

Lemma 3. Condition (A) implies the equality rs = G p o §p. Condition (B) im-
plies the equality Gp = rg o yp. Both conditions (A) and (B) ensure the equality
Im(rs) = Im(G p) and so the dualities (D1) and (D3) can be composed obtaining
the projectivity

PP x P) D Im(Hp) = Im(ls) CP(S x S)  (P1)

Hporg

Proof: Let ¢, ¢ € P(S x S). We have rs(¢y) € Gp(§p(¥)). Namely, r-5p C
ids implies 8p(¥)5¢ = (idp 7Y )59 = idp p(Y759) C idppids C idp. Hence,
putting ¢ = rg(¥) , we get the required inclusion. Conversely, we have rg(y) 2
Gp(8p(¢)). This follows from the fact that ¢ € Gp(§p(¥)) is equivalent to
idp pY¥-sp C idp. Using the faithfulness of P we get Y5 C idg, hence ¢ C
rs(¥). In particular, Im(rg) € Im(G p).

Similarly, let us check that Gp =rgoyp. Assume that ¢ C Gp(0).
Then o-p¢p C idp. Note that rg(yp(c)) = rs([idg, o]). Then, ¢ C rg(yp(o)) iff
[idg, ol-s¢ < ids. We have [idg, o]-s¢ = [idg, o p¢] C [idp, idp] < idg. Con-
versely, let ¢ C rs(yp(0)). Then [idg, o-p¢] C ids. By the faithfulness of QO we
have that 0-p¢ C idp. Hence, ¢ € G p(0). In particular, Im(rg) 2 Im(Gp). O

Lemmad. Condition (A) implies the equality ls = ap o Hp, therefore ap(c) =
(Is o Gp)(o) for every o € Im(Hp). Condition (B) implies the equality Hp =
Bp ols, therefore B(¥r) = (Hp o rs)(¥) for every ¢ € Im(ly).

Proof: As in the previous lemma, ¢ Clg(y) iff g5y CIdg and ¢ C
ap(Hp(Y)) iff Idp-pe € Hp(Y) iff Idp-po-pyr C Idp.

Assuming ¢ C Ig(v), we get immediately that Idp-pe-piy € Idp. Con-
versely, let ¢ C [s(v). By the faithfulness of P we get that ¢ gy C Ids. Hence,
¢ C Is(y). Alltogether, Iy = ap o Hp.

Similarly, let o € Hp(y) iff c-pY C Idp and o C Bp(ls(¥)) iff [idp, o] C
Is(y)iff [idg, o]-s@ C ids iff [idg, o-pe] € ids . Consequently, o € Hp(y) im-
plies that [idg, o]-p¢ C ids. Conversely, let o € Bp(Is(¥)). Applying the faith-
fulness of QO we get that o-pyy C Idp. Hence, 0 C Hp(y) and it follows that
Hp = Bp ols. The both considerations, in turn, imply (by the Galois connection
property) the remaining part of the lemma. a
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Theorem 5. [f conditions (A) and (B) are satisfied then dualities (D1) and (D3)
can be composed and the resulting projectivity (P1) is determined by the maps o p
and Bp:

Gp
Im(Hp) Im(Gp) = Im(Ts)
Hp
Prg| |ls
ap
Im(ls)

In a similar vein we can prove the following (dual) statements:

Lemma 6. Condition (A’) implies the equality lp = Hp o yp. Condition (B') im-
plies the equality Hp = lp o 8¢. Both conditions (A') and (B’) ensure the equality
Im(lp) = Im(Hp), and so the dualities (D2) and (D3) can be composed obtaining
the projectivity

PO x Q) 2 Imire) 2 Im(Gr) SP(S x S)  (P2)

rpoHp

Lemma 7. Condition (A’) implies the equality rp = g o Gp, therefore
Bo(W) = (rp o Hp)(Y) for every v € Im(G p). Condition (B') implies the equality
Gp =g orp, therefore ag(t) = (Gp olp)(z) for every T € Im(rp).

Theorem 8. If conditions (A') and (B') are satisfied, then dualities (D2) and
(D3) can be composed and the resulting projectivity (P2) is determined by the
maps o and Bg:

lp
Im(rp) ——— Im(lp) = Im(Hp)
rp
Ba  Hp| |Gp
aQ

Im(Gp)
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Lemma 9. Condition (C) implies the equality ls = G o §¢. Condition (D)
implies the equality G g = Is o yp. Both conditions (C) and (D) ensure the equality
Im(lg) = Im(G @) and so the dualities (D1) and (D4) can be composed obtaining
the projectivity

PO x Q)2 Im(Hy) 2 Im(rs) SP(S x S) (P4

Hpolg

Lemma 10. Condition (C) implies the equality rs =oag o Hgp, therefore
ap(t) = (rs 0 Go)(1) for every v € Im(Hyp). Condition (D) implies the equal-
ity Hy = Bp ors, therefore Bo(¥r) = (Hg o Is)(¥) for every ¢ € Im(rs).

Theorem 11. [f conditions (C) and (D) are satisfied, then dualities (D1) and
(D4) can be composed and the resulting projectivity (P3) is determined by the
maps ag and Bo:

Gq
Im(Ho) Im(Ga) = Imlls)
Hq
Pa ls| |rs
aQ
Im(rg)

Lemma 12. Condition (C') implies the equality Hy = rp o 8p. Condition (D')
implies the equality G 9 = Is o yp. Both conditions (C) and (D) ensure the equality
Im(rp) = Im(Hg) and so the dualities (D2) and (D4) can be composed obtaining
the projectivity

Ggorp
P(P x P) D Im(lp) = Im(Gg) CP(SxS)  (P3)
lpoHp

Lemma 13. Condition (C') implies the equality lp = Bp o Gg, therefore
Bep(Y) = (Ip o Hp)(Y) for every ¢ € Im(G o). Condition (D') implies the equality
Go = apolp, therefore ap(o) = (Gg orp)(o) for every o € Im(lp).

Theorem 14. If conditions (C') and (D’) are satisfied, then dualities (D2) and
(D4) can be composed and the resulting projectivity (P4) is determined by the
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maps op and Bp:

rp
Im(lp) ——— Im(rp) = Im(Hp)
lp
P Hql |Gq
ap
Im(Gq)

Combining Theorems 5, 8, 11, and 14, the principal result of this note is

Theorem 15. [fthe context (R, S, P, Q, (—, —), [—, —]) is nondegenerate, then
we have the following situation:

rp

Im(lp) =S Im(Hp)

Im(rp)= Im(Hg)

ﬂ!’ aQ

Im(ls) = Im(Ggq) Im(rs)= Im(Gp),

where all maps are bijections: four compatible dualities (rs,ls), (Gp, Hp),
(rp,1lp), (Gg, Hyp), and two projectivities (ap, Bp), (g, Bo) which are the com-
positions of respective dualities.

3. THE COMPOSITION OF DUALITIES FOR SUBACTS

We now proceed to look shortly at the case of subacts and factorsets. Recall
that each subset X (factorset Y) of some S-act T corresponds to the identity sub-
relation idy of idy (to some equivalence overrelation of idy). Similarly, a right
(left) subact X of some right (left) S-act 7' corresponds to the identity subre-
lation idyx of idy such that idx 7ids C idy (ids-7idy C idy). A corresponding
notion for factorsets is a right (left) congruence on idy. Analogous consider-
ations to the following one can be done for any suitable notion of a module
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over some “good” algebraic structure (rings, semirings, quantales, C*-algebras
etc.).

We can then investigate the reversing-order maps between the complete lat-
tices of right subacts L( P s) and L(S's) and the complete lattices of left congruences
Con(sS) and Con(s Q).

Note that, for a nondegenerate context,

rs(L(Ss)) € Con(sS), Is(Con(sS)) € L(S5),
rp(L(Py)) € Con(sQ), lp(Con(sQ)) € L(Py),
ap(L(Ps)) € L(Ss), Bp(L(Ss)) € L(Py),
yp(L(Ps)) € L(Ss), sp(L(Ss)) € L(Py),

ap(Con(sQ)) € Con(sS), Po(Con(sS)) S Con(sQ),
yo(Con(sQ)) < Con(sS), §o(Con(sS)) < Con(sQ),
Gp(L(Py)) € Con(sS), Hp(Con(sS)) € L(Ps),
Go(Con(sQ)) € L(Ss),  Hp(L(Sy)) < Con(sQ).

For any map u between the lattices of all relations, we shall define a restric-
tion u* to the lattices of right subacts and a restriction u¢ to the lattices of left
congruences. Then the pairs of maps (73, [5), (rp, [5), (G, Hp), (G, Hé) form
Galois connections and all the statements from Section 2 can be translated to the
subacts-congruences setting.

In particular, the following theorem holds

Theorem 16. [f the context (R, S, P, Q, (—, —), [—, —1) is nondegenerate then
we have the following situation:

Im(1%) = Im(HS)

Bp

Im(15) = Tm(G) Im(r§)= Im(G}),

where all maps are bijections: four compatible dualities (rg,[5), (G, Hp),
p, %), (GY, Hé), and two projectivities (o), Bp), (aCQ, ﬂCQ) which are the com-
positions of respective dualities.
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